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The relation between the chiral quark condensate in QCD sum rules and chiral perturbation
theory is clarified with the help of a low-energy theorem for the scalar and pseudoscalar correlation
functions. It is found that the quark condensate should be identified with the non-normal-ordered
vacuum expectation value of quark-antiquark fields. Utilising results on flavour SU(3) breaking of
the quark condensate from QCD sum rules, the low-energy constant Hr2 in the chiral Lagrangian,
as well as next-to-leading order corrections to the Gell-Mann-Oakes-Renner relation are estimated.
PACS numbers: 12.38.Aw, 11.55.Hx, 12.39.Fe, 11.30.Hv
INTRODUCTION
During the last two decades, QCD sum rules [1] and
chiral perturbation theory (χPT) [2] have become indis-
pensable tools in the phenomenology of particle physics.
Both methods address the problem of dealing with QCD
in the non-perturbative low-energy regime. Whereas
in QCD sum rules the basic degrees of freedom are
quarks and gluons and the non-perturbative region is
approached from higher energies by including vacuum
averages of composite operators, the condensates, χPT
constitutes a low-energy expansion with the lowest lying
hadrons as the fundamental fields. Nevertheless, a sound
matching of QCD and low-energy effective theories still
is an open problem of QCD phenomenology [3].
χPT is constructed such as to reflect the symmetry
properties of QCD under chiral transformations. The
QCD pattern of explicit chiral symmetry breaking is im-
plemented by adding quark mass terms in the χPT La-
grangian, which introduces an additional free parameter
B0 at the leading order, besides the pion decay constant
fpi. Since the χPT mass term contains the scalar quark
density, it turns out that the parameter B0 is related to
the quark condensate.
The quark condensate in full QCD is not directly re-
lated to a physical quantity. Like the QCD coupling and
the quark masses, its value depends on the renormalisa-
tion scale and on the renormalisation scheme employed
in the calculation.[24] On the other hand, in χPT the in-
formation on the short-distance properties of the theory
is hidden in the low-energy constants, and thus the ques-
tion arises, how the quark condensates of QCD and χPT
are related. The key to the answer lies in a low-energy
theorem for the scalar and pseudoscalar correlation func-
tions, which will be discussed in the next section.
In χPT, the dependence of the quark condensate on the
renormalisation is reflected in an unphysical low-energy
constant Hr
2
, which appears at the next-to-leading or-
der and is required for the renormalisation of the chi-
ral expansion. Hr2 thus comprises information on short-
distance physics, which cannot be deduced from χPT
alone. In section three, the constant Hr
2
will be esti-
mated from flavour SU(3) breaking of the quark conden-
sate. This flavour breaking can for example be extracted
from QCD sum rules for the heavy-lightB- and Bs-meson
systems.
Besides the flavour-symmetry breaking of the quark
condensate, Hr2 also governs the next-to-leading chiral
correction to the well known Gell-Mann-Oakes-Renner
(GMOR) relation [5]. The GMOR relation constitutes
the main source for numerical values of the quark con-
densate, assuming the light quark masses to be known.
Making use of the estimate of Hr2 , in section four, also
estimates for these chiral corrections and the quark con-
densate will be presented.
THE SCALAR CORRELATOR
The central object which is investigated in the seminal
version of QCD sum rules [1] is the two-point function
Ψ(p2) of two hadronic currents
Ψ(p2) ≡ i
∫
dx eipx 〈Ω|T { j(x) j(0)†}|Ω〉 , (1)
where Ω denotes the physical vacuum and in our case
j(x) will be the divergence of the flavour-changing vector
(axialvector) current,
j(x) = ∂µ(Q¯γµ(γ5)q)(x) = i (M ∓m)(Q¯(γ5)q)(x) . (2)
M and m represent the masses of the quarks Q and q
respectively, and the upper (lower) sign always corre-
sponds to the scalar (pseudoscalar) case. Up to a factor
(M∓m)2, Ψ(p2) is just given by the scalar (pseudoscalar)
two-point function. Furthermore, Ψ(p2) satisfies a dis-
persion relation with two subtractions,
Ψ(p2) = Ψ(0) + p2Ψ′(0) + p4
∞∫
0
ρ(s)
s2(s− p2 − i0)
ds ,
(3)
2where ρ(s) ≡ ImΨ(s+ i0)/pi is the spectral function cor-
responding to Ψ(s).
A low-energy theorem relates the first subtraction con-
stant Ψ(0) to the product of quark masses and quark
condensates:
Ψ(0) = − (M ∓m)( 〈Ω|Q¯Q|Ω〉 ∓ 〈Ω|q¯q|Ω〉 ) . (4)
The relation (4) can be derived by taking the divergence
of the vector (axialvector) correlator, employing current
commutation relations in addition [6]. Up to the next-
to-leading order in the strong coupling constant, it was
also verified in QCD perturbation theory [7].
From the time-ordered product in eq. (1) and Wick’s
theorem, one naturally obtains normal-ordered conden-
sates. However, in the calculation of Ψ(0) also quartic
mass corrections as well as higher-dimensional operators
arise. On dimensional grounds, the operator corrections
with dimension greater than four are accompanied by
inverse powers of the quark masses thus being singular
in the chiral limit. If the normal-ordered quark conden-
sates are rewritten in terms of the non-normal-ordered
minimally-subtracted condensates, the quartic mass as
well as higher-dimensional operator corrections are can-
celled, such as to yield the simple functional form of
eq. (4) [7, 8, 9, 10].
The fact that the quark condensates in eq. (4) should
be considered as non-normal-ordered implies that the
subtraction constant Ψ(0) depends on the renormalisa-
tion scale and scheme. Whereas the product of quark
mass times normal-ordered condensate is a renormalisa-
tion invariant quantity [11], this is no longer true for
the non-normal-ordered condensate. In the latter case,
the renormalisation invariant involves additional quartic
mass terms [8]. Numerically, the quartic mass terms only
have some relevance for the strange quark. For the lighter
up and down quarks they are completely negligible.
By considering QCD sum rules in which the subtrac-
tion constant Ψ(0) remains [12], it would in principle be
possible to determine the quark condensate or flavour-
breaking ratios of condensates. Here, care has to be
taken that the quartic mass corrections on the left-hand
side of eq. (3), which cancel the renormalisation depen-
dence of Ψ(0) are included properly. Nevertheless, even
though the various quantities related to Ψ(0) generally
were found to be reasonable, since the sum rules in ques-
tion are subject to very large higher-order perturbative
corrections [13], these results should be interpreted with
caution.
THE QUARK CONDENSATE IN χPT
The status of the quark condensate in χPT can be
clarified by calculating the scalar (pseudoscalar) correla-
tor and the corresponding low-energy theorem also in this
framework [2]. It is then found that the functional form
of Ψ(0) exactly resembles eq. (4), and thus the quark con-
densate in χPT should be identified with the non-normal-
ordered vacuum average of quark-antiquark fields.
As has been already discussed in the introduction, in
χPT the quark condensate, as well as flavour-breaking
ratios, depend on the unphysical low-energy constantHr2 .
An example of this dependence is displayed by the ratio
〈s¯s〉
〈q¯q〉
= 1 + 3µpi − 2µK − µη +
8∆Kpi
f2pi
(2Lr
8
+Hr
2
) , (5)
where 〈q¯q〉 ≡ [〈u¯u〉+ 〈d¯d〉]/2 represents the isospin aver-
age of the up- and down-quark condensates, and in the
following, the vacuum state Ω is omitted. Furthermore,
the µP are chiral logarithms which take the form
µP =
M2P
32pi2f2pi
ln
M2P
ν2χ
, (6)
with νχ being the chiral renormalisation scale, ∆Kpi =
M2K −M
2
pi , and L
r
8
is a physical low-energy constant in
the next-to-leading order chiral Lagrangian [2].
The relation (5) offers the possibility to determine the
low-energy constant Hr
2
, since the ratio 〈s¯s〉/〈q¯q〉 can be
obtained independently, e.g. in the framework of QCD
sum rules. A rather reliable place to determine 〈s¯s〉/〈q¯q〉
are sum rules for the leptonic decay constants of the
heavy B- and Bs-mesons [14] (and references therein),
since the deviation of the flavour SU(3) breaking ratio
fBs/fB from one is very sensitive to the quark conden-
sate ratio 〈s¯s〉/〈q¯q〉.
The ratio of the heavy meson decay constants fBs/fB
is, unfortunately, not yet known experimentally. Thus we
have to resort to a different framework to find results on
this ratio, independent of QCD sum rules. Such results
have been obtained in the framework of lattice QCD and
a recent average yielded fBs/fB = 1.16 ± 0.04 [15].[25]
Employing this value in the QCD sum rules, the corre-
sponding flavour breaking ratio of the quark condensates
turns out to be
〈s¯s〉/〈q¯q〉 = 0.8± 0.3 . (7)
Within the uncertainties, this result is in agreement to
previous determinations [17]. Nevertheless, older results
have not been included in eq. (7), since in these investi-
gations normal-ordered condensates have been used and
the corresponding quark mass corrections have not been
included. A proper treatment of the determination of
〈s¯s〉/〈q¯q〉 from QCD sum rules for other channels will be
left for future work.
In addition to the ratio 〈s¯s〉/〈q¯q〉, for the determina-
tion of Hr2 also the low-energy constant L
r
8 is required.
This constant can be determined from flavour-symmetry
breaking of meson masses and decay constants, which at
3next-to-leading order in χPT satisfies the relation [2]
1
(R+ 1)
M2K
M2pi
+
fK
fpi
=
3
2
+
3
4
µpi −
1
2
µK −
1
4
µη +
8∆Kpi
f2pi
Lr8 .
(8)
Here R represents the quark-mass ratio R ≡ ms/mˆ =
24.4 ± 1.5 [18], and the value fK/fpi = 1.22 ± 0.01 [19]
will be used. Employing the relation (8), the constant Lr
8
is found to be
Lr8(νχ=Mρ) = (0.88± 0.24) · 10
−3 , (9)
where the pion decay constant has been varied in the
range fpi = 92.4± 10.0 MeV. Although the experimental
uncertainty for fpi is much smaller [19], the chosen error
reflects the difference between the physical value and the
leading order decay constant f0 = 82 MeV, such that
uncertainties from higher orders in the chiral expansion
should be largely taken into account. The result (9) is in
agreement to the original value obtained by Gasser and
Leutwyler [2] at the scale νχ=Mη.
The finding of eq. (9) for Lr
8
can also be compared with
the very recent value Lr8(νχ=Mρ) = (0.62± 0.20) · 10
−3
[20], which has been obtained in χPT at O(p6). Within
the uncertainties both results are compatible, but it is
seen that including the next-next-to-leading corrections
in the chiral expansion effectively lowers the constant Lr
8
.
Since the presented analysis stays at the next-to-leading
order, for consistency also the corresponding value (9) for
Lr
8
has been utilised in the following.
Inserting the results of eqs. (7) and (9) into (5), it is
possible to deduce an estimate on the unphysical low-
energy constant Hr
2
:
Hr2 (νχ=Mρ) = (− 3.4± 1.5) · 10
−3 . (10)
The negative value for Hr
2
(νχ =Mρ), found in eq. (10),
is in contrast to estimates of the same quantity in the
framework of χPT with explicit inclusion of resonance
fields [21]. Assuming saturation of the low-energy con-
stants in the chiral Lagrangian by meson resonances, rea-
sonable values for the physical constants Lri are obtained,
whereas in the case of Hr
2
, saturation with scalar reso-
nances yields the relation Hr2 = 2L
r
8, which is clearly
violated by the result (10).[26] Since Hr
2
and 2Lr
8
have
the same dependence on the chiral scale νχ, it is even
impossible to find a particular scale at which the relation
Hr
2
= 2Lr
8
would hold.
CHIRAL CORRECTIONS TO THE
GELL-MANN-OAKES-RENNER RELATION
The unphysical low-energy constantHr
2
also appears in
the next-to-leading order chiral corrections to the GMOR
relations [2, 5],
4mˆ〈q¯q〉 = − 2f2piM
2
pi ( 1− δpi ) , (11)
(ms + mˆ)[ 〈s¯s〉+ 〈q¯q〉 ] = − 2f
2
KM
2
K ( 1− δK ) , (12)
where mˆ ≡ (mu + md)/2 is the isospin average of the
light up- and down-quark masses, and δpi as well as δK
comprise the higher-order chiral corrections. The left-
hand sides of eqs. (11) and (12) just correspond to minus
Ψ(0) in the pseudoscalar case with (ud) and (sq) quark
flavours respectively. At the next-to-leading order, these
corrections have been found to be [2]:
δpi = 4
M2pi
f2pi
(2Lr8 −H
r
2 ) and δK =
M2K
M2pi
δpi . (13)
The results for Hr
2
and Lr
8
, obtained in the last section,
now allow for an estimation of the chiral corrections δpi
and δK , which take the values
δpi = 0.047± 0.017 and δK = 0.61± 0.22 . (14)
With roughly 5%, the size of the correction δpi appears
very reasonable, whereas δK in the strange quark sector
turns out rather large, due to the enhancement factor
M2K/M
2
pi , although the uncertainties are also quite big. If,
on the other hand, the relation Hr
2
= 2Lr
8
which follows
from scalar resonance saturation [21] would be correct,
both chiral corrections δpi and δK would have to vanish.
The knowledge of the light quark masses also allows
for a determination of the light quark condensate from
the first GMOR relation (11). Using the recent result
(mu +md)(2GeV) = 8.1 ± 1.4 MeV [13], together with
the estimate (14) for δpi, one arrives at
〈Ω|q¯q|Ω〉(2GeV) = − (267± 16 MeV)3 , (15)
which can be considered as an update of previous deter-
minations of the light-quark condensate 〈q¯q〉. Since it is
still more common to quote the quark condensate at a
scale of 1 GeV the corresponding value 〈q¯q〉(1GeV) =
− (242 ± 15 MeV)3 is also provided. The latter results
are in good agreement with direct determinations of 〈q¯q〉
from QCD sum rules [22] and lattice QCD [23].
CONCLUSIONS
From the structure of the low-energy theorem of eq. (4)
for the scalar (pseudoscalar) two-point function, it is pos-
sible to infer that the quark condensate in χPT should be
identified with the non-normal-ordered vacuum average
of quark-antiquark fields. Contrary to the correspond-
ing case of normal-ordered condensates, the product of
quark mass times non-normal-ordered condensate, and
thus Ψ(0), are not renormalisation invariant. In χPT
4the dependence of Ψ(0) on the short-distance renormali-
sation scale and scheme is reflected in the dependence on
the unphysical low-energy constant Hr
2
.
Because the low-energy constant Hr2 depends on the
renormalisation at short-distances, its value cannot be
deduced from relations to physical quantities alone. One
possible quantity to determine Hr2 is the SU(3) flavour-
breaking ratio of the quark condensates 〈s¯s〉/〈q¯q〉. The
estimate presented in eq. (10) has been obtained on the
basis of 〈s¯s〉/〈q¯q〉 from QCD sum rules for the heavy B-
and Bs-mesons, making additional use of results on the
ratio fBs/fB from lattice QCD.
The obtained value for Hr
2
also allows to estimate the
chiral corrections to the GMOR relations of eqs. (11) and
(12). It is found that the first GMOR relation in the light
up- and down-quark sector receives a moderate negative
correction of the order of 5%, whereas the corresponding
correction in the strange-quark sector is enhanced by a
factor M2K/M
2
pi , and thus turns out to be rather large.
Together with values for the light quark masses, the first
GMOR relation makes it possible to determine the light
quark condensate 〈q¯q〉, and an updated value has been
presented in the last section.
Since the low-energy constants of χPT contain the
physics of energies higher than the pseudoscalar meson
masses, it is possible to derive effective Lagrangians in-
cluding higher resonance fields, which then yield contri-
butions to the chiral constants [21]. For the physical
constants Lri , very reasonable estimates were obtained
in this manner. For the unphysical constant Hr
2
, how-
ever, it was shown above that the result Hr2 = 2L
r
8 from
the resonance Lagrangian is not satisfied. It should al-
ready be clear that this relation has to receive additional
contributions, since Hr2 depends on the short-distance
renormalisation, whereas this is not the case for Lr
8
.
Nevertheless, the uncertainties in the ratio 〈s¯s〉/〈q¯q〉
are still sizeable, so that no definite conclusions can be
reached at this stage. Further work should be devoted
to the extraction of 〈s¯s〉/〈q¯q〉 from QCD sum rules, par-
ticularly paying attention to the proper definition of the
quark condensate as well as to the corresponding higher-
order strange-mass corrections. In addition, an analysis
analogous to the one presented here at the next-next-
to-leading O(p6) in χPT could provide further useful in-
formation on the questions raised above, since also the
uncertainty resulting from these higher orders plays an
important role.
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